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The changes in amplitude of short gravity waves
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The common assumption that the energy of waves on a non-uniform current U
is propagated with a velocity (U +c,) where ¢, is the group-velocity, and that
no further interaction takes place, is shown in this paper to be incorrect. In
fact the current does additional work on the waves at a rate y;;S;; where y;; is
the symmetric rate-of-strain tensor associated with the current, and §;; is the
radiation stress tensor introduced earlier (Longuet-Higgins & Stewart 1960).

In the present paper we first obtain an asymptotic solution for the combined
velocity potential in the simple case (1) when the non-uniform current U is in
the direction of wave propagation and the horizontal variation of U is com-
pensated by a vertical upwelling from below. The change in wave amplitude is
shown to be such as would be found by inclusion of the radiation stress term.

In a second example (2) the current on the x-axis is agsumed to be as in (1),
but thehorizontal variation in U is compensated by a small horizontal inflow from
the sides. It is found that in that case the wave amplitude is also affected by
the horizontal advection of wave energy from the sides.

From cases (1) and (2) the general law of interaction between short waves and
non-uniform currents is inferred. This is then applied to a third example (3) when
waves encounter a current with vertical axis of shear, at an oblique angle. The
change in wave amplitude is shown to differ somewhat from the previously
accepted value.

The conclusion that non-linear interactions affect the amplification of the
waves has some bearing on the theoretical efficiency of hydraulic and pneumatic
breakwaters.

1. Introduction

‘When short surface waves of any kind are propagated over the surface of a
medium in steady but non-uniform motion, they tend to undergo refractive
changes in length, direction and amplitude. The changes in length and direction
depend on kinematical considerations only; a quite general treatment applicable
to water waves has been given, for example, by Ursell (1960). But changes in
the wave amplitude are less straightforward. Commonly (see Unna 1942;
Suthons 1945; Johnson 1947; Evans 1955; Groen & Dorrestein 1958) it has been
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assumed without justification that no coupling between the waves and current
takes place, and that the wave energy is simply propagated with a velocity equal
to (U +c¢,), where c, is the vector group-velocity and U the local stream velocity.
On the contrary, in a recent paper (Longuet-Higgins & Stewart 1960; this paper
will be referred to as I), it was found that short gravity waves, riding on the backs
of longer waves, are modified to a much greater extent than would be predicted
if there were no interchange of energy between the short and the long waves.
The discrepancy may be attributed to a term in the equation of energy transfer,
called by us the radiation stress, and previously overlooked. The stress term occurs
quite generally, and must give rise to changes in the wave amplitude in other
situations besides the particular one that was considered.

The purpose of the present paper is to study the changes in amplitude of gravity
waves riding on steady but non-uniform currents. The subject is of special in-
terest owing to its possible application to bubble-breakwaters, whose action is
probably to be ascribed largely to the stopping power of a horizontal current
opposing the waves (Taylor 1955; Evans 1955; Straub, Bowers & Tarrapore
1959). Ocean waves entering tidal streams or crossing river flows are known to
be subject to a similar effect (Unna 1942; Johnson 1947). The following discussion
will be limited to the case of deep currents, that is to say, those for which the
change in current velocity in a vertical distance equal to the wavelength is small
compared with the wave velocity itself. But quite similar results would apply to
waves on shearing currents which penetrated to a depth of only a fraction of a
wavelength.

In our first example we consider a system of waves superposed on a current
which varies gradually in the z-direction (the direction of wave propagation),
and in which the variation in surface current is made up by a vertical upwelling
(or downwelling). The modification which the currents produce in the wave form
is calculated rigorously by a perturbation method. It is found that, while the
variation in the wave-number % is given by the expected formula

10k 1 oU

ko~ ot20 oz’ (2.1)
the variation in the wave amplitude, on the other hand, is given by
lgg____ 2¢+3U oU (1.2)

which is a higher rate of change than if there were no interaction between waves
and currents. It is shown that this last result is consistent with the assumption
that the equation governing the growth of wave energy % is

0 oU

%[E(cq'i'U)]‘FSz'g; =0, (1.3)
where S, is the radiation stress mentioned earlier. (In deep water, S, = 1E.)
This is to say that in addition to the transport of energy by the group-velocity
and stream velocity, the current does work on the waves at a rate S,0U/ox per
unit distance. In §4, this conclusion is shown also to be consistent with our earlier
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results in I concerning the steepening of surface waves on long waves or tidal
streams. Integration of (1.3) leads to the result

a o [c(c+20)] L (1.4)

In our second example we consider a situation very similar to the first, but in
which the increase in surface current U is made up, not by a vertical upwelling
from below, but by a horizontal inflow from the sides. The results are strikingly
different. Although the variation in wave-number is the same as in (1.1), the
variation in amplitude is now given by

adx  (c+2U)p oz’ (1-5)
This is accounted for by including in the energy balance the advection of wave
energy by the transverse current V, as well as the work done against the corre-

sponding stress component (equation (6.4)). The amplitude a is now found
to be a oc [(c+2U)/c} 4, (1.6)

which is & weaker variation than in the previous case.
The appropriate generalization of the equation of energy balance is shown to be

oy, §%=m

5, o, (1.7)

V.[E(c,+U)]+ %Si,(

where §;; denotes the radiation stress tensor. In §8 this is applied to a third
example, that of waves crossing a shearing current obliquely. The changes in
wavelength and direction of propagation ¢ are as found by Johnson (1947), but
the law governing the wave amplitude is shown to be

a o (sin 26)~3, (1.8)

which differs from Johnson’s result.

2. Two-dimensional current: an asymptotic solution

In this section we shall obtain a formal solution for surface waves on a non-
uniform current U(x) which has no transverse component. The solution is to be
valid when . o

o —5;< 1, (2.1)

where o is the wave frequency; in other words, the change in stream velocity U
over one wavelength L (that is, LoU/0z) is assumed small compared with the
wave velocity Lo [2m.

General equations
It will be supposed that the velocity field u is irrotational:

u=Vg; (2.2)
that the fluid is incompressible:

V.u = V2 = 0; (2.3)
34-2
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and that viscous effects are negligible. Then we have Bernoulli’s integral
%+gz+1}u2+ o9 =(, (2.4)

where p, p, g denote the pressure, density and acceleration of gravity, and z is
the vertical co-ordinate, directed upwards. Cisa constant. If z = {is the equation
of the free surface, then for the two boundary conditions there are the kinematical

condition a (8¢ o, o¢ oL 3¢) -0 (2.5)

ot " \ox 8x+8y5§—5z_

and the condition of constant pressure, which by (2-4) may be written

ge+ (§u2+%q:) ~c. (2.6)

It is convenient to replace these last two equatlons by conditions to be satisfied
at the mean surface level z = 0; this may be done by assuming the potential ¢
to be analytic and by expanding in a Taylor series in z:

a_g+(a¢a§ 3¢ 3¢ a¢) +§[a (a¢a§+a¢a§ a¢)] 0,

ot oyoy oz dyoy o B

droxr oyoy oz orox oyoy oz
o¢ o¢
2 “¥ 2 —
g§+(%u + at) +§[az (éu += )]z=o+... C. J

Lastly, we assume that the waves are effectively in deep water, so thatasz > —~ oo
the periodic part of the motion tends to zero.

(2.7)

Form of the solution

We seek a solution having the character of a time-periodic wave-motion super-
imposed upon a non-uniform steady flow. Let us then substitute

¢ = Uy + (aP1o + BPor) + (PP a0 + afpry + B2os) +- - --a}
{= (810 + BCor) + (2% ap + 2flin + B?oa) + .-,

where U, is a steady uniform velocity, the velocity of the stream at x = 0; ¢,
represents a steady non-uniform current, zero at x = 0; and ¢,, represents an
undisturbed surface wave; « and £ are arbitrary small parameters proportional
to wave steepness and to the velocity gradient of the current respectively. The
terms a®¢,,, etc., are correction terms of higher order, necessary in order to
satisfy the boundary conditions at the free surface. We are particularly interested
in evaluating the second-order term af¢,,, which is the lowest-order interaction
potential between the waves and the current.

It may be worth remarking that to eliminate the uniform current U, by taking
axes moving with velocity U, would not be convenient, since in the new frame of
reference the motion would no longer be perfectly periodic in time. This is
because the modified wavelength is generally a function of z, as will be seen below.
Clearly the choice of axes must be made so as to correspond with the physical
problem; if the source of the wave-motion is periodic this determines the appro-
priate frame of reference uniquely.

(2.8)
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Retaining terms as far only as «f, we have from (2.8)

V¢ = (U,,0,0) +aVy,+ Vo, +2f Vs,

R s
= adyo + A +0‘/”§11:

and so

ot = 373+ Uy 220+ 5 %401)

+a ,3( a¢11 a¢1oa¢o1+%%+_a@%l)+m,,

or ox Oy oy Oz oz

iy ,%%n
2
(5‘“) ( e +’38x8z)
Substitution in (2.7) shows at once that
C =3}Uz.

The terms in & now give

0 0 1o _
(Bt + 82:) G0 o =0
9
9610+ ( +U, ) $10 =0,

to be satisfied at z = 0. On eliminating ¢;,, we have

0 8
(5+0s) duts2=0 @=o0.
If we choose for ¢,, the wave potential

Pro = A ekot—ict,

where 4 and k, are constants and
g =z+1x,

then ¢,, satisfies Laplace’s equation (2.3), and from (2.13)
(o —Upko)? = gko.

Introducing the reference velocity

co = 4/(g/ko)
and the non-dimensional parameter
¥ = Uyfco
we have from (2.16) o = coko(l+ 7).
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(2.9)

(2.10)

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)

(2.18)
(2.19)

(To ensure continuity as y (or U,) tends to zero, we have adopted the positive

sign in the square root.) From (2.12) and (2.19), we have also

G0 = —é [(% +7Y¢ %) ¢1o]z=o = 62(¢10)z=0-

(2.20)
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Returning to equation (2.7), we see that the terms in £ give equations for ¢,
formally identical with (2.12) except that the time derivatives are now zero:

o1 %0 _
Uo = ox o0z O'

(z = 0), (2.21)
9801 + U Bébm = OJ
whence U282¢01+g% =0 (z=0). (2.22)

0 ox? o0z

We require a potential ¢, to represent a steady flow having no transverse com-
ponent 0¢y /oy, which satisfies Laplace’s equation, and also the condition
(0¢61/0%) o = 0. Such a potential is

Po1 = Coko(x? —22) + Dcy2, (2.23)
where D is a constant to be determined. From (2.22),
D= -2y (2.24)
Therefore Por = ko —22) - 2y%¢, z,} (2.25)
Cor = —2y%;
also & ﬂa Por _ 2fcoky = 2P0 (1 +y) L (2.26)

in accordance with (2.1), since # is assumed small.

The interaction potential
In equations (2.7) the terms in af yield

(at +U2 ) Com 8¢u +(8¢m o | W agm) (€m P, 32¢m) o

ox ox Ox oz 022 022
0 0010 0Po1 | P10 0P 0 ¢10
g8+ ( +loz, ) $u +( o & T 02 ) * é’01(2% +4 aa:) 0z =9

to be satisfied when z = 0. (Note that 0%¢,/0t0z = 02¢,, /0202 = 0.) From these
equations {;, may be eliminated by applying the operator ¢g—*(d/0¢t + U,0/ox) to
the second equation and then subtracting the first. Without substituting explicit
expressions for ¢4, oy, &1 and &g but using (2.12) and (2.21) and the fact that
0¢10/02 = kg hy9, We obtain®*

1(0 . 2 3,
(E’t+ °ax) Pt oz

_2(a¢ma§m+a¢ma§m ogmasbm) ~Lw2lu i —0). (2.28)

(2.27)

éx or ox © 022
Now, after substitution from (2.20) and (2.25), the right-hand side of this equation
becomes [2iko(1 — 2y — 2y%) — 4k22] byo- (2.29)

* In the calculation of ¢;; the complex form of ¢,, can be used, since on the right of
(2.28) only products involving ¢,, and ¢y, occur, and ¢, is real.
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As a trial solution let us write
P11 = (k19 +1397) 10, (2.30)

where ¢ = z+1z and k,, [, are constants to be determined. Then the left-hand
side of (2.28), when z = 0, reduces to

[(1 + 2y) i(ky + 2003 ) — 20y2L3 [ Kg] P16 (2.31)
On equating coefficients of ¢, and x¢, in (2.29) and (2.31) we obtain
1—4y2—4y3
ky = 2k ———1,
1+ 2y)2
( ] 7 (2.32)
2 2
;2= 2k°(1+2'y)'

The second of equations (2.27) also gives
9611 = [(vhy + 2y%ko) — im(2KG + 2yk§ ~ 2¥8 + Ko kq) + ko B 2] o yo.  (2.33)
This then is a formal solution of our problem.

Interpretation
Combining (2.33) with (2.20), we have

LY ! k
alio+afly = atie [1 — zﬂ(l;c-—l +2y+ l%xz) - 2,Bk0x(1 +y _.2%1 +2—kl—)] . (2.34)
0 0 0
Correct to order £, this expression may be written

(4 .
abyot+afly = m(c_) exp {" [kox "‘ﬂ(z’]{& +2y+ l%xz)]}
o 0
_ Y, Ry
x [1 2,Bk0x(1+'y 7] +2ko . (2.85)
Now this represents a wave of slowly varying amplitude and wavelength. The
local wave-number k is given by the z-derivative of the exponent:

k=ky—201%z2. (2.36)
The proportional rate of change of the wave-number at x = 0 is therefore
10k 288 4Pk,
CHINEES S (=37

by (2.32). From (2.19) this may be written

10k 2 18U
(%)~ e (239
The amplitude a of the wave is given by
_ 4 78k
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so that the proportional rate of increase is

10a _ yl Ky 2+3y

by equation (2.32), or, from (2.26),

108\ _  2+3y 13U
(5@3 o (L+2y)2c oz’ (2.41)

The mean surface level
Equation (2.25) shows that there is a small change in the mean surface level

given by Bl = ~2fyz, (2.42)

corresponding to a mean gradient — 24y, as we should expect in a non-uniform
flow. The additional terms «{,, + 24§, give no change in the mean level. Therefore
to order o/ the mean surface level is unaffected; only at higher approximations
is any change apparent.

3. A physical discussion

We have seen that the interaction between the waves and the current can be
interpreted as a distortion of the waves, resulting in a change of wavelength and
amplitude. In this section we shall try to interpret these changes on the basis of
rough physical reasoning.

As before, we denote by o the angular frequency of the waves (constant over
the whole field of motion) and by a, k, U, ¢ the local wave amplitude, wave-
number, stream velocity, and wave velocity relative to the stream. Qur object
is to obtain @, k and ¢ as functions of U and of their values a,, k,, U, ¢, in some
fixed plane x = 0.

The change in wavelength

Consider first the variation in wavelength. Now, the apparent velocity of the
waves relative to a fixed plane x = constant is equal to (c+ U). The apparent
angular frequency of the waves is therefore k(c+ U). But by hypothesis this
quantity is equal to o at all points, so that

E ¢+ U,
Thus 7 =250 (3.2)

But the waves being in deep water we expect that their velocities ¢, ¢, relative
to the current will be given by the classical formulae

=gk, c§=glk,. (3.3)
Combining (3.2) and (3.3), we have
& _k_c+U 1 (c U)

. (3.4)
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where v = Uy/c, as before. On differentiation with respect to z, we have

2¢ dc 1 1/6c oU
ga—x-ma(a—x*“?;)’ (3.5)
and hence at = 0, where ¢ = ¢,,
oc 1 oU
ox~ 142y’ (3-6)
Since by (3.4) k varies as c~2, we have (by logarithmic differentiation)
10k 2 dc - 2 laU 3.7)

kox cox 1+2yc ox

in agreement with (2.38).
It will be seen that equation (3.4) is a quadratic in ¢/c,, and has the solution

cc_o 2(117){1+~/[1+4(1+7)U]} (8)

(see Unna (1942), for the case y = 0). In the square root, the positive sign has
been taken to ensure continuity as  — 0. It is interesting to note that no solu-
tion can exist when

LAAENT (3.9)
Co
_Co__
or -U > 1+7)’ (3.10)

that is to say, when the stream velocity is in the opposite direction and exceeds
in magnitude about one-quarter of the initial phase velocity of the waves. At
the critical point, when the radical vanishes, equation (3-8) shows that

c 1

L= Nl

¢ 2(1+7v)’ (3.11)

U Uc0 o
and so % T =—4. (3.12)

In other words the stream velocity becomes equal and opposite to the local
group-velocity }c; the wave energy can no longer be propagated against the
stream. We shall see below that the waves tend to break before this point is
reached. From (3.8) we have also

2= @) = {man el (3.13)

The changes in wave amplitude

The change in wave amplitude is interesting, for it enables us to decide between
various conflicting hypotheses.

It was shown in I that if waves of amplitude a are propagated over a stream of
uniform velocity U, the mean rate of energy transfer across a plane z = const.
is given (to order a?) by

E, = E(c,+U)+8,U+3EU?[c+}phUs3, (3.14)
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where F denotes the wave energy per unit horizontal area:
E = }pga®; (3.15)
¢, denotes the group-velocity of the waves; in ‘deep’ water,
¢, = ¢ = 3o/k; (3.16)
h is the mean depth of the stream, and S, is defined by

2, 1
S, = E(T_E)‘ (3.17)
The first term E(c,+ U) on the right-hand side of (3.14) represents simply the
transfer of wave energy by the group-velocity plus the stream velocity, and is
to be expected. The last two terms may be written together as $phU’3, where

U =U+E|pch (3.18)

represents the mean stream velocity modified by the presence of the mass
transport. The intermediate term S, U has been discussed in I. It represents
a kind of coupling between the waves and the current. By analogy with the
Reynolds stress, S, has been called the ‘radiation stress’.

Now, in the present problem of waves on a non-uniform stream, let us suppose
that the transfer of total energy is given with sufficient accuracy by equation
(3.14) and further that between the planes = 0 and x = const. there is no
reflexion of wave energy. It follows then that
B, = const. (3.19)

R

r

i

[

and so R, =o0. (3.20)

(o3

4

Equation (3.20) is merely an expression of the conservation of the energy,
when dissipative mechanisms are ignored. However, it is possible to regard it
as the sum of two equations, one representing the balance of wave energy and
the other the balance of mean flow energy.

For the exact form of this division, no unique answer is given by physical
intuition. (At least owr initial intuition, as well as that of Unna (1942), Evans
(1955), Suthons (1945), Groen & Dorrestein (1958) and Drent (1959) yielded
results which sometimes differed from one another but which were all, it as
appears, incorrect.) Now, however, we have an arbiter for conflicts of intuition,
for the correct division of (3.20) must yield results consistent with § 2.

The first five of the authors just named made the assumption that there was
no interchange of energy between waves and current and thus obtained

é%[E(c,,Jr Uy =o. (3.21)

It is clear both from the results of I and from § 2 of the present paper that this
assumption cannot be correct.
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One might then argue that all the terms dependent on E belong properly to
the wave-energy equation, and write

0 3EU?
a—x[E(cg+U)+SzU+2 . ]=0, (8.22)
or, since the last term may be included with the mean flow,
—%[E(cg+ U)+8,U]=0. (8.23)

Each of these equations (3.21), (3.22) and (38.23) yields results in conflict with § 2.

If, on the other hand, it is argued that the effect of the current variation on
the wave energy is through the work done by the rate of strain against the
radiation stress, then we have

% [E(c,+U)] +Sx%—§ = 0. (3.24)
Thus, in deep water,

3[J_%‘(1}c+U)]+1}E§g=0 (3.25)

ox ox ) ’

Carrying out the differentiation at x = 0, where U = yc, and using equation
(3.6), we have

1 31eU
1 0F 4+6y 10U
whence (E‘ 'é‘:;:‘)z:o = *mga s (327)
or, since E is proportional to a2,
10a 243y 10U
(65).. =~ rompe 5 (3.28)

in exact agreement with equation (2.41).

It appears then that the correct assumption to make is equation (3.24), rather
than the alternatives (3.21) to (3.23). We interpret this as follows:

In a non-uniform current the energy of the waves may be regarded as being
transported with the group-velocity plus stream velocity, provided in addition
we suppose that the mean stream does work on the waves at a rate S,0U[ox per
unit distance, where S, is the radiation stress. Equation (3.24) is then the expres-
sion of the energy balance for the waves.

An integral for the wave amplitude
An exact integral of equation (3.25) is
E(}¢c+ U)c = const., (3.29)
for on differentiating the above and dividing by ¢, we have

10c

5855 [B(3c+ U)]+ E(3c+U)
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which by (3.6) is equivalent to (3.25). From equation (3.29) we deduce

and thence

M. 8. Longuet-Higgins and R. W. Stewart

E  colco+20,)

E,  c(c+20)’
a _ co(co+2g£)]i
a, | c(c+20) ]

(3.31)

(3.32)

This law of amplification is illustrated by curve (1) of figure 1. At the critical
point, where U = —}¢, the amplification of the waves becomes theoretically
infinite. In practice the waves may be expected to break, but the present small-

amplitude theory becomes inapplicable before this point is reached.

3'0 T
20
L
()
1-0
(2)
m
L] 1 i) 1 1 1 1 2 . 1 1 I3 1 1 1 P
—-0-25 00 0-25 0-5 075 1-0
Ule,

Figurk 1. The amplification factor a/a, for waves on a current U in the direction of wave
propagation: (1) with vertical upwelling from below; (2) with horizontal inflow from the
sides. [a, and ¢, denote the values of @ and ¢ when U = 0.]

We are indebted to a referee for pointing out that a result similar to (3.29)
was derived in an unpublished report by Kreisel (c. 1944, pp. 23-24). Kreisel
started from the energy integral

[T,

5w dz = const.,

and assumed that (in our notation)

where

¢ = Uz —ace*®cos (kx— at),
¢ = asin (kx—ot),
c? =gk = (c—-kU).

Substituting in the integral and treating U, ¢, @ and % as constants during
differentiation, one finds eventually

$oa?c(c+2U) = const.
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(higher powers of a being neglected). Since o is constant this agrees with (3.29),
and indeed provides a physical explanation of that equation. The crux of
Kreisel’s argument is the assumption that 9¢/0f contains no constant terms pro-
portional to a?. This is true for deep water, but not in water of finite depth.

The rules for the variation of wave-number and wave amplitude expressed by
(3.13) and (3.32) may be regarded as generalizations of the results found in § 2,
the only additional assumptions being that k—10k/ox and a~—'da/ox depend on
the local values of U, ¢ and oU/ox and are linearly proportional to 80U [ox.

The analysis of § 2 is correct as far as the first power of Sk, only. In order to
verify that (3.13) and (3.32) are correct to this order we write

U-0,
g,

(3.33)

U
so that v =14+¢, — =vy(l+e¢). (3.34)
Uy Co
Substituting in equations (3.13) and (3.32) and neglecting ¢ we find, after some
reduction,

(3.35)

of which (2.36) and (2.39) will be seen to be special cages.

4. An application to tidal currents

As an example of the application of the general formulae, and as an indepen-
dent check, we apply the formulae to the case of surface waves on a tidal current,
for which a solution was obtained independently in I.

A short wave of mean amplitude ,, mean wave-number %, and frequency o
is assumed to be superposed upon a long (shallow-water) wave of amplitude a,,
wave-number k, and frequency o, travelling in the same direction as the first.
The conditions of the problem are that

Oyl = A <€ 1,} (41)
kyh = p <1,
where b is the mean depth of water; also
etk £ 1. (4.2)
This last assumption ensures that the short waves are effectively in deep water,
0 that o1 =gkt 2= (gh)ks kih = (u/A) (43)

In the case of tidal currents both A and x may be of order 10— in a typical case,
but the ratio u/A, = (k k), need not be greater than about 2 in order for the
condition (4.2) to be satisfied.

Now let us reduce the long wave to a steady current U by superposing on the
whole system a uniform stream — (gk)}. Choosing the origin of x at a node of the
longer wave, we have

U = —(gh)? (1 _%zsin kzx) + O(a?). (4.4)
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At x = 0 the stream velocity and the velocity of the short waves are given by

Uy = —(gh)};  co = (g/k))}. (4.5)

Thus, Y= G__ (kyh)t = &, (4.6)
Co A

U0 sy .

Also €= A sink,zx. (4.7)

On substitution in (3.35), we find
k 1 24 ay

R v 3 sin kyx, “s)
a (2A-3p)pa, . '
E(_] = 1—(7—"2—#)2 —};SIHICZ.’C,

in agreement with equations (2.56) and (2.57) of I.* When u/A is sufficiently

large, then

g k = 1+a—?sink2x,
h

34,

4 h

(4.9)

ko
a .
— sink,x.
)

5. Waves on a converging current: no upwelling

In the last three sections we have been concerned with an entirely two-dimen-
sional motion in which the transverse component of the mean current was zero;
the increase in the stream velocity with horizontal distance was made up by a
compensating current upwelling from below. We now study a somewhat dif-
ferent situation in which the verfical component of current vanishes and the
increase in the horizontal z-component U is compensated entirely by a horizontal
in-flow V from the sides: a_q_}_g o 5.1)

ox oy

The analysis for the asymptotic solution is identical with that in the previous
case, § 2, as far as equation (2.22). Now, however, instead of the potential (2.23)
we must choose a potential ¢, to represent a flow having zero vertical com-
ponent, and satisfying the equation of continuity (5.1). We take

Po1 = Coko(x® —y?) + Dcyz, (6.2)
and from (2.22) we see that the constant D has to be — 2y? as before. Thus,
Por = Coko(x® —y?) — 27%, z,}

§01 = - 2’)’33: (5‘3)

and (2.26) still applies.

In the equations (2.27) for the interaction potential, the additional terms all
vanish identically, so that (2.28) is still valid; the only difference is that the last
term &;o0%¢p,,/02? vanishes, and so in place of (2.29) we have

[2¢ko( — 2y — 292) + 4kEx] Pyp- (5.4)

* In equation (2.57) of I, the second term in the curly bracket can be neglected, since
A<p<l.
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Now, on equating coefficients between (2.31) and (5.4), we find

v+ 2y2 4293
kl = _4k0_‘— )
1+ 2y)2
1( ) (5.5)
2 2
B= 2k°1+2y'

Since the value of /2 is still the same, equations (2.34) to (2.38) are still applicable
and in particular (2.38) shows that we have the same rate of change of the
wave-number k as in the previous case.

But, since %, has a different value, equation (2.41) must now be replaced by

(1aa) 14y 10U

adr), o " (14 oy R, i (5:6)

showing that the change in amplitude of the waves is different from the
previous case.

6. Physical interpretation

The current U along the z-axis being as in § 3, the changes in wave velocity
and wave-number which were derived in that section (by arguments depending
only on kinematical considerations) are still given by (3.6) and (3.7). This con-
firms what was found in § 5 concerning the change in wave-number.

The change in wave amplitude, however, must be related to the equation of
energy transfer. Now it was found in I that in the presence of a horizontal
stream U = (U, V,0) not necessarily in the z-direction, the mean transfer of
energy across a vertical plane whose normal is n = (I, m, 0) is given by

R=E(c,+U).n+U.S.n+}phU%U’ .n), (6.1)

where ¢, denotes the vector group-velocity, U’ denotes the stream velocity as
modified by the mass-transport and S is a stress tensor. If the z-direction is the
direction of wave propagation, then ¢, = (c,,0,0), U’ = U+ (E/pch, 0,0), and

S, 0 0
S = (0 S,, O) , (6.2)
0 0 O
where S, is given by (3.17) and
_nf%_1
3, = E(? 2) . (6.3)

Therefore a natural generalization of equation (3.14) is to assume
oU 0
V.[E(c,+U)]+ [S=c P S,,—a—ﬂ = 0. (6.4)

In other words, the divergence of the energy flux is exactly compensated by
work done by the mean current against the radiation stress. In deep water this
becomes 5T

? ?
5 Bo+ U+ [BVI+4E 5 = 0.

(6.5)
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By the symmetry of the flow about the plane ¥ = 0, we see that, on the z-axis,
0F [0y vanishes identically, and so making use of (5.1) we have

E;E (Zc+U)+§~E(ac aag) 0. (6.6)

On substituting for oc/ox from (3.6), we find
(1 aE) __2(1+y) 10U (6.7)
=0

E oz T (1+2y)kc 02’
. 10x _ 1+y 10U
from which follows (5 a)bo = " {T2y)ke 35 (6.8)

in exact agreement with (5.7).
Equation (6.5) may also be written as

2 Blao+ UN-18S =0, (6.9)

.which has the integral
E(}c+ U)jc = const., (6.10)

as may be verified in the same way as (3.28). Hence, in the present situation,
E  clcy+20)

B, clc+20)’ (6.11)
a c(00+2U9)]‘}
and P [co(c+2U) . (6.12)

It will be seen that as the critical point is approached, afa, - co as before.

The amplitude variation corresponding to equation (6.12) is shown in figure 1,
curve (2), compared with the corresponding variation in the case of no lateral
flow.

7. Waves on currents of arbitrary form
To generalize our previous results, we note that S is a Cartesian tensor of
rank 2, which we may write S,;; equation (6.2) gives S;; in diagonal form, when
referred to axes perpendicular and parallel to the local Wave front.
The velocity gradients 0U[dx and 0V [dy are also components of the symmetric
rate-of-strain tensor (BU ou; )

5% +8:1; (7.1)

Vi =
and the generalization of the interaction term in the wave-energy equation is
84;74j>» which is, of course, an invariant.

Hence the correct generalization of equation (6.4) for steady currents of
arbitrary form is

oU;
V.[E(c,+U)]+ %S,j(aU + %_) 0. (7.2)
For time-varying currents we assume
oF an oy; _
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In the case of purely two-dimensional motion (6/dy = 0), this reduces to

oE 0 oU
’a‘{+a—x[E(°ﬂ+U)]+S$$ =

an equation that was verified approximately in § 5 of I. In that paper it was not
possible to distinguish between equation (7.4) and the same equation with
(S, U)oz replacing S,0U/ox, since the difference, (08,/0x) U, was negligibly
small. However, the technique adopted in § 4 of the present paper, whereby the
long wave was reduced to rest by superposing a finite negative velocity, removes
the ambiguity in the final term.

Given the appropriate boundary conditions, equation (7.3) is generally suffi-
cient to determine the variation in the wave-energy density . From this the
variation in wave amplitude may be deduced on the assumption that the
relation between amplitude and energy-density is

E = }pga®(1+ W/2g), (7.5)

where W denotes the vertical acceleration of a particle carried by the mean
current.* (See §4 of I.) For steady currents we have

0, (7.4)

W = k(U2 +V?), (7.6)
where « is the curvature of the path of the particle. If W is small compared with
g then we may take E = }pga?, (1.7)

as has been assumed throughout this paper.

It may be mentioned that some experiments have recently been performed by
Hughes (1960) on the interaction of waves and shear flows. These he has analysed
using an assumption equivalent to (7.2), and his results tend to confirm the
theory.

8. Waves on a shearing current

As a final example we shall apply the general equation (7.2) to the interesting
case of waves traversing a simple horizontal current with vertical axis of shear.
This was previously considered by Johnson (1947) without taking into account
the transfer of energy between the waves and the current.}

The stream velocity (0, V,0) is supposed to be everywhere parallel to the
y-axis, and also oV oV

dy oz

The wavelength and amplitude of the waves are supposed also to be independent,
of y. The angle which the waves make locally with the z-axis is denoted by 8
(see figure 2).

Purely kinematical considerations yield the following: since the wave-
number in the y-direction (k sin §) must be independent of z, we have

ksin@ = m, (8.2)

* It is assumed that the current is nearly horizontal.
1 Some of the results of this section were obtained by Drent (1959) who, adopting a
different approach, was led to make an assumption equivalent to (7.2) in this case.

35 Fluid Mech. 10
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a constant. Since the apparent velocity of the waves at right-angles normal to
their crests is (c+ Vsin8) and their wave-number is %, the apparent angular
frequency of the waves relative to a fixed point is

k(c+ Vsin8) = o, (8.3)
also a constant. Thirdly, we have the relation connecting local wave-number
and velocity: ke? = g. (8.4)

N\

<8 \\ >

N\

O]

Fiaure 2. Definition diagram for waves on a shearing current, showing the
qualitative effect of the current (a) when V > 0, (b) when V < 0.

From equation (8.3), by use of (8.4) and (8.2), it follows that

§+mV =0, (8.5)
_ g
or C= T (8.6)
Then, from (7.4),
— 2
k= ﬂ"_'._’";Vl, (8.7)
g
., mg
and, from (7.2), sing = G—mVy (8.8)

If ¢,, ko, 0, denote the values of ¢, k, & when the transverse velocity V vanishes,
then we have

e_ 1
co 1—(V/cy)sinby’
kﬁ =[1—(V/cy)sinGy12, ¢ (8.9)
0
< sin G,
Sin6 = (Ve sin O,
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Since sin 6 cannot exceed unity, there is clearly an upper limit to ¥ for which
a solution exists: 1— (sin6,)*

sin 0, (8.10)

Vieg <

At this upper limit 6 becomes equal to 477, and the waves are totally reflected by
the current.

On the other hand, for negative currents V < 0, there is no kinematic limit
to V. However, as V — — o0, k becomes very large, that is to say the wavelength
becomes very small (figure 2(b)). The angle 6 approaches zero, that is, the direc-
tion of propagation becomes nearly normal to the current.

Now the vector group-velocity is given by

¢, = 3¢ = (§ccos b, §csinb). (8.11)
Hence equation (7.2) becomes in this case

0 ° . oV .
é;:[E'.%ccosﬁ]Jra—y[E’(%csmﬁJ,— V)]+1}E’$ cosf sinf = 0. (8.12)

Since all derivatives with respect to y vanish identically, we find, on substitution
from (8.6) and (8.8),

0 (Ecos6 Emcosé oV
Z:(o'—mV) (c—mV)? ox =0 (8.13)
of which the integral is
Ecosl ‘
m = COIlSt., (814)
or, from (8.8), E cos0 sin 0 = const. (8.15)

The relative amplification of the waves is therefore given by

a E\}  (sin26,\}

- (2) - (o
This ratio is shown graphically in figure 3 as a function of V/c,, for various
values of the initial angle 6.

Evidently the amplification of the waves becomes infinite both when 6 - 90°
and when 6 — 0. In the first case the infinity is not significant: it is due to the
fact that the ray-paths intersect, and the corresponding line z = const. is a
caustic. To the left of this line there are essentially two systems of waves, the
incident and transmitted systems, while to the right of it there is a ‘shadow zone’.
In the neighbourhood of such a line the ordinary approximations of ray optics
do not apply; a higher-order theory, generally involving Airy functions, must be
used. One may expect that the wave amplitude in fact remains finite even in the
neighbourhood of the critical line.

The second case, when 6 — 0, corresponds to the limit V - —co. In that case
the infinity is genuine and is due mainly to the fact that the wavelength and
wave velocity are so much reduced that, in order to maintain the energy flow
in the z-direction, the amplitude must increase. In practice the wavesmay break;

but for no finite velocity V < 0 is the ratio a/a, theoretically infinite.
35-2
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We may note that it is possible for the component of stream velocity opposite
to the waves to exceed the group-velocity:
e+ Vsinb < 0. (8.17)

The waves are not thereby stopped, for the wave amplitude tends to be dimin-
ished by a lateral stretching of the wave crests.

4 T T T T ¥ 4
N - 13
45 0
15°
S 8 75$OOSC 30° 15
S i s 17

Viey

Ficurk 3. The amplification factor for waves crossing a shearing current 1~
at an oblique angle 6, for various angles of entry 6,.

9. Conclusions

The amplitude of surface waves on non-uniform currents is affected by a non-
linear interaction between the waves and the components of the currents; the
coupling terms are proportional to the radiation stresses, and the general equation
governing the transfer of wave energy is equation (7.3).

Wayves travelling on a non-uniform current U that varies in the direction of
wave propagation undergo an amplification that is greater than previously
supposed, and is dependent on whether the variation in current is made up by
a small vertical upwelling from below or by a small horizontal inflow from the
sides; this difference is illustrated by the two curves in figure 1.

The amplification of waves on a transverse shearing current has also been
calculated. Here the interaction between waves and current also produces an
amplification different from that obtained by neglecting the interaction terms.

The results show that the efficiency of a hydraulic or pneumatic breakwater
should be affected not only by the surface currents directly opposing the waves
but also by the transverse or vertical components of the secondary circulating
flow, for these produce different effects on the wave steepening. The absolute
limits to the wavelengths that can be transmitted are still set by Taylor’s
kinematical theory (1955). But for waves longer than the critical wavelength,
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whether breaking occurs must depend on the amplification factor. We suggest
that differences in the secondary circulation may account for some of the
anomalies in past experimental work, both on models and on prototypes.

Since the currents have been seen to do work on the waves, then we would
expect the waves also to react on the currents. From (6.1), by conservation of
the total energy, one would expect for steady currents

V.[E(c,+U)+S.U+(3phU%) U] = 0. (9.1)
Hence, on subtracting (7.2) and using the fact that §;; is symmetric, we have
V. [(3pRU?) U]+ T aai =0, (9.2)

7

A fuller account of equation (9.2) will be given subsequently.
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